We demonstrate the advantages of imaging with ptychography scans that follow a Fermat spiral trajectory. This scan pattern provides a more uniform coverage and a higher overlap ratio with the same number of scan points over the same area than the presently used mesh and concentric [13] patterns. Under realistically imperfect measurement conditions, numerical simulations show that the quality of the reconstructed image is improved significantly with a Fermat spiral compared with a concentric scan pattern. The result is confirmed by the performance enhancement with experimental data, especially under low-overlap conditions. These results suggest that the Fermat spiral pattern increases the quality of the reconstructed image and tolerance to data with imperfections.
Introduction
Ptychography, originated for electron microscopy [1] , is emerging as a powerful X-ray imaging technique [2] . The method has been undergoing rapid developments to improve image quality, enhance reliability and extend its applications to a variety of new scientific problems. Ptychography relies on the information recorded in the far-field diffraction patterns when the sample is scanned through a confined coherent X-ray illumination. To provide sufficient information for a successful reconstruction, it is crucial to have adequate overlap between adjacent scan spots, so that every point of the sample is exposed multiple times, which provides a sufficiently redundant set of measurements for phase-retrieval. With a priori knowledge of scanning positions, the method alleviates convergence difficulties and is capable of recovering both the transmission function of the sample and the wavefront of the incident X-ray beam [3] [4] [5] [6] .
The recently development of position-correction mechanisms [4, [7] [8] [9] [10] further relaxes the accuracy requirement on the scanning positions. Nevertheless, the choice of scan pattern layout plays a critical role in determining the performance of ptychography, because it defines the real-space sampling condition: the overlap ratio and the overlap uniformness. An optimum overlap of 60% was suggested to minimize the necessary radiation dose without sacrificing the image's quality [11] . It was also pointed out that the regular periodicity in a mesh scan (as shown in Fig. 1(a) ) will cause a "raster grid pathology", by introducing periodic artifacts in the reconstructed images [12] . Therefore, a scan pattern with a concentric trajectory as shown in Fig. 1(b) was proposed to eliminate translational symmetry [13] , and thus remove the aforementioned artifact. The concentric scan pattern has been used widely and delivers high quality images in various applications [14] [15] [16] [17] .
Generally, an ideal scan pattern for ptychography would be expected to have two desired features: broken translational symmetry and uniform overlap. In this paper, we propose the use of the Fermat spiral pattern as an optimized scan trajectory that fulfills these two conflicting demands. The improved performance is verified through numerical simulations and experimental measurements. Our results indicate that the Fermat spiral is more robust, especially under relatively low overlap conditions. 
Fermat spiral
Space optimization appears in many biological systems, such as the arrangements of the branches and leaves on the stems of plants to assure the even reception of sunlight, or the floret pattern of sunflowers for equal exposure to pollinators. Inspired by these patterns found in Nature, Vogel proposed an elegant analytic expression to construct the tight packing pattern of sunflower seeds [18] . In polar coordinates (r, θ ), this has the form
where c is a constant scaling factor for the radius, n is the index number of the seed, and φ 0 is the divergence angle ∼ 137.508 • . This angle 137.508 • is known as the golden angle, which divides a circle in the golden ratio ϕ = (1 + √ 5)/2, or 1.618. A rational derivation for this angle is given in [18] , where the branch arrangement is optimized to be evenly spaced. Denoting the branch angular increment as p/q, which stands for q branches making p complete turns around the stem, it is shown that to ensure all branches sharing the same spatial relationship and fitting into the largest existing gap, p and q have to be two adjacent Fibonacci numbers of even order (F 2ν and F 2ν+2 ). With the limitation that the number of branches goes to infinity, the optimal angular stepsize p/q [19] , so that the corresponding divergence angle is φ 0 = 2π/ϕ 2 ≈ 137.508 • .
An intuitive reason for the square-root relationship between the radius and index number arises from the requirement that each seed takes up an equal area. Assuming that n seeds occupy a circular area with radius r, the space occupied by each seed is expected to be a constant, or πr 2 ∝ n, so that the radius r is proportional to √ n. Combining the equations in Eq. 1, the proposed pattern takes the form r 2 = c 2 /φ 0 · θ , i.e., an expression for a parabolic spiral (r 2 = αθ ), which was first discussed by P. Fermat in 1636 and named after him [20] .
Figure 1(c) shows a Fermat spiral pattern that is constructed with c = 31 pixels and spreads over an area of 600×600 pixels. The radius scaling factor, c, is tuned to ensure that the total number of points matches that of the concentric pattern over the same area as illustrated in Fig.1(b) . Indeed, the Fermat spiral pattern depicts the capitulum of a sunflower. The points are located at the intersections of two sets of equiangular spirals: 13 clockwise and 21 counterclockwise, respectively, indicated as the red and blue curves in Fig. 1(c) . This pattern is distributed uniformly and has neither periodicity nor noticeable symmetry, which perfectly fulfills the requirements for ptychography measurement.
Simulation result
The performance of the Fermat spiral as a scan pattern for ptychography was tested with numerical simulations. All three scan patterns shown in Fig. 1 were evaluated and compared. They cover the same 600 × 600 pixel area, and the total numbers of points are almost equivalent: 121, 119 and 119, respectively.
The first simulation assumes a perfect condition with no noise, no missing pixels, and no positioning inaccuracy. Figure 2 (a) shows the simulated complex object and the probe used in this simulation. The ptychography reconstructions are performed with the Difference Map algorithm [3] . Each reconstruction cycle was run for 1000 iterations, with the last 200 iteration outputs averaged to give the final images. The reconstruction was repeated ten times with individual random guesses of both the object and the probe. The reconstructed amplitude and phase images are shown in Fig. 3 and Fig. 4 , respectively. The "raster grid pathology" clearly is evident in the reconstructed amplitude and phase images with the mesh pattern. Because the scanning points are exactly located at regular grids in this ideally controlled simulation, this pathological effect is magnified. Both the concentric and Fermat spiral scans eliminate the periodic artifact. Two criteria are used to evaluate the obtained image's quality: The real-space R factor [21] that measures the difference between the original image's intensity I 0 and the reconstructed image's intensity I recon as well as the signal-to-noise ratio SNR estimated from the correlation coefficient r cc [22] that represents the similarity between reconstructed images from individual random starts. R and SNR are calculated as follows:
where denotes the averaged value. A higher quality image features a lower R value and a higher SNR value. The reconstructed phase part is evaluated using the same methods, but replacing intensity I with phase φ . The central region with 500 × 500 pixels was used to calculate the performance criteria. to select a pair out of 10 reconstructions) of both intensity and phase are estimated from 10 reconstructions. The averaged values are summarized in the inset tables of Fig. 3 and Fig. 4 . For the recovered amplitude, the concentric pattern and the Fermat spiral give images of the same quality. The Fermat spiral pattern provides a slightly better phase image with improvements of 10% in R, and 4% in SNR.
To understand this slight improvement in image quality with the Fermat spiral pattern, we recall the two possible factors that can affect image quality: the overlap ratio and the overlap uniformness. These are evaluated for each tested scan pattern. The overlap ratio is estimated as
where r j stands for the translation vector for jth scan point. In the simulated condition, the probe has a disk shape with an 80-pixel radius, and the overlap ratios for the mesh, concentric and Fermat spiral patterns are 52.9%, 53.7% and 54.5%, respectively. The Fermat spiral only increases the overlap ratio by about 1% compared with the concentric pattern, so it is not the major contributor to the improvement of image's quality. The overlap uniformness can be studied by Fourier transforming the scan patterns (as shown in Fig. 1) , and comparing the intensity and flatness of their power spectral density curve over the high spatial frequency region. As shown in Fig. 5 , the Fermat spiral distributes the highest power into the high spatial frequency region. Moreover, it also gives the flattest power spectrum density curve. This is represented by the calculated standard deviation values. When calculated with spatial frequencies above 50 1/NΔ (N is the number of pixels and Δ is the pixel size), the deviation values are 4. Another method to quantify the overlap uniformness is to estimate the separation uniformness of the scan points. For each scan point, its distances to all other points were calculated and summed. This distance summation estimates the overall separation of this specific point relative to the entire scan pattern. When the summed distance of all the scan points is plotted in a histogram, the range of distance distribution and the variation of histogram heights evaluate the separation uniformness of the scan pattern. As shown in Fig. 6 , the Fermat spiral gives the most compact range of the distance distribution and lowest variation level, denoting that it provides the most uniform separation of points.
Since the ptychography reconstruction is a nonlinear process, the amount of improvement in the quality of the reconstructed image is not expected to scale exactly with the increment in overlap uniformness. With simulated perfect data, the accurately defined constraint may provide sufficient information to mitigate the influence of the overlap uniformness introduced by different scan patterns. This may explain why only about a 4% improvement in image quality was observed for the Fermat scan.
The second simulation represents a condition closer to real experimental data collection. Since both concentric and Fermat spiral capture a certain circular feature, a centro-symmetric object, as shown in Fig. 2(b) , was used to encourage symmetry-introduced artifacts if they exist. An illumination function with side fringes and varying phase structure was employed to simulate a "real" probe. Only the concentric and Fermat spiral scan patterns were tested in this comparison. Poisson photon noise was added to the simulated diffraction pattern. The originally generated 256 × 256 pixel data frame was cropped to 128 × 128 pixels to mimic the finite acceptance angle of a detector in a real experiment. A random positioning error was generated with a Gaussian distribution with a 5-pixel width and assigned to each scan position. The same reconstruction process was used as in the previous simulation, with two exceptions: a noise threshold of 4 photon counts is enforced, which means that pixels with less than 4 counts were not used in the reconstruction; and an annealing-type positioning correction method [7] was used to automatically compensate for positioning errors.
Typical reconstruction results are shown in Fig. 7 . Due to data cropping, the dimensions of the reconstructed object is half that of the originally simulated size in pixels, as shown in Fig. 2(b) . The Fermat spiral gives a noticeably better-quality image. The quality of the recon- structed images from different random starts is found to vary dramatically with the concentric scan pattern, while the Fermat spiral pattern gives consistently good reconstructions. The overall performance is evaluated using the averaged SNR values that show significant improvement with the Fermat spiral scan pattern, i.e., 82% in amplitude and 148% in phase.
Experimental results
We compared the performances of concentric and Fermat spiral patterns with real experimental X-ray data. The measurements were conducted at Beamline 34-ID-C, at the Advanced Photon Source of Argonne National Laboratory. The instrumental setup was similar to that in a previously reported experiment [23] . Coherent 9.6 keV X-rays were focused by K-B mirrors down to about 1 μm. A star pattern made of 1.2 μm thick gold was placed near the focal plane. The sample pattern was motorized by nPoint piezo scanner NPXY100Z25. A Timepix detector with 55 μm pixel size recorded the far-field diffraction patterns, 2 meters away from the test pattern.
To increase the detector's dynamic range, a 1.5 × 1.5 mm silicon square of 200 μm thickness was used to attenuate about 80% of the central part (∼ 27 × 27 pixels) of the diffraction pattern [24, 25] . Each scan position accumulated 15 exposures with 1 second illumination time. A data array of 224 × 224 pixels was cropped out for reconstruction that determines the real-space pixel size of 21 nm. Ptychography scans were collected under two overlap conditions. For the concentric pattern, the high overlap measurement scans over a 4 × 4 μm area with radial incremental steps of 200 nm. The less overlapped scan covers a 12 × 12 μm area with a 600 nm radial incremental steps. The overlap ratios are 86% and 54%, respectively. For the Fermat spiral pattern, the scanning areas cover the same ranges, with chosen scaling constants of 126 nm and 377 nm, giving the same number of measurement points as in the corresponding concentric scans. The corresponding overlap ratios are 90% and 59%, respectively. All scans consisted of 323 positions.
The same reconstruction approach with position correction and a noise threshold of 4 counts (as used in the second simulation above) was employed to recover images from the experimental data. The resulting probe intensities and object phases are shown in Fig. 8 . Since the accurate complex transmission function for this gold test pattern is unknown, the R factor is The SNR for the Fermat spiral reconstruction is about 6% higher than that for the mesh pattern. For the less overlapped condition with the concentric pattern (shown in Fig. 8 (f) and (h)), noticeable artifacts start to show in the reconstructed image, indicated by red boxes in Fig. 8(h) , while the Fermat spiral pattern is able to reconstruct an image with much better quality, with about 89% improvement of SNR. This result confirms the conclusion of the second simulation, and implies that the Fermat spiral scan pattern offers higher tolerance to data noise and other measurement imperfections, especially in the low overlap situation.
Discussion
Broadening the spatial-frequency spectrum of the illumination probe has been proven to enhance both the fidelity and resolution of ptychography [26, 27] . This is expected to benefit measurements from weakly scattering specimens. In this study, we demonstrated that enriching and flattening the spatial-frequency spectrum of the scan pattern also improves the quality of the reconstruction image. The Fermat spiral pattern is capable to provide a robust reconstruction in relatively low overlap conditions, which can effectively reduce the required radiation dose and can be potentially beneficial for imaging biological samples. We note that a similar scan pattern previously was used in Bragg projection ptychography [28] . For optimizing the overlap ratio, another possible candidate is a hexagonal lattice structure, which is a two-dimensional close packed pattern. Adding a random noise from the regular grid also was been proposed to illuminate the "raster grid pathology" by removing the periodicity. Figure 9 shows two scan patterns and their power spectral density curves. In terms of the overlap uniformness, the hexagonal pattern is even slightly worse than the mesh pattern. Although the noisy mesh pattern gives a very flat azimuthally averaged power spectrum density curve, significant local variance in overlap (indicated by the red and blue boxes in Fig. 9(c) ) may introduce differences in image quality from one place to another. The Fermat spiral pattern defined by Eq. 1 naturally grows in an order from the center to edges in the same manner as the concentric pattern, as shown in the top row of Fig. 10 . This allows rapid reconstructions using continuous subsets of the full ptychography dataset to visualize the central part of the object, which is the most interesting region in most cases. However, because two adjacent points in the Fermat spiral pattern are separated by 137.508 • , this significantly increases the distance for motor motion. Fortunately, since high positioning accuracy is preferred, most ptychography measurements are conducted with modern piezo scanners, where the movement is completed very quickly. For other cases, if the motor's motion time is nonnegligible and proportional to the moving distance, the scan trajectory can be optimized to minimize the total distance of movement. The bottom row of Fig. 10 shows the scan trajectories sorted using the Metropolis algorithm [29, 30] . The sorted Fermat spiral actually gives the shortest total travel distance.
Conclusion
The Fermat spiral defines a uniformly distributed pattern with a low symmetry that fulfills the requirements for an ideal ptychography scan trajectory. Numerical simulation shows that using Fermat spiral as a ptychography scan pattern increases image quality significantly under conditions with noise and other imperfections in measurement, compared with the concentric pattern. The improvement in performance is probably associated with increased overlap uniformness. Our conclusion is confirmed with a significant performance enhancement observed from experimental data, especially under low overlap conditions.
